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An Interaction Algorithm for Three-Dimensional
Turbulent Subsonic Aerodynamic Juncture Region Flow
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University of Tennessee, Knoxville, Tennessee

and
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An order-of-magnitude analysis of the subsonic three-dimensional, steady time-averaged Navier-Stokes
equations for semibounded aerodynamic juncture geometries yields the parabolic Navier-Stokes simplification.
The numerical solution of the resultant pressure Poisson equation is cast into complementary and particular
parts, yielding an iterative interaction algorithm with an exterior three-dimensional potential flow solution. A
parabolic transverse momentum equation set is constructed, wherein robust enforcement of first-order con-
tinuity effects is accomplished using a penalty differential constraint concept within a finite-element solution
algorithm. A Reynolds stress constitutive equation, with low-turbulence Reynolds number wall functions, is
employed for closure, using parabolic forms of the two-equation turbulent kinetic energy-dissipation equation
system. The algorithm is employed to predict the three-dimensional turbulent flowfield in the juncture region
formed by two intersecting parabolic arcs at MM =0.08 and #e/C=0.6xl06/m. Additional results document
the turbulence closure model.

Introduction

A PRINCIPAL; requirement in aerodynamics is flow
prediction in juncture regions formed by the intersection

of aerodynamic surfaces, e.g., wing-body, wing-winglet,
pylon-wing, etc. In most instances of interest, the associated
flow is three-dimensional, subsonic with variable density, and
turbulent. A characteristic action of such flows is vortex roll-
up in the plane transverse to the chord coordinate, and mass
efflux/influx into the boundary-layer regions located at some
distance from the juncture region. The principal requirements
of a juncture region flow analysis are to predict the vortex
structure, hence to yield a corner drag coefficient, and to
provide transverse plane velocity boundary conditions for a
conventional three-dimensional boundary-layer solution of
the associated far-field flow. , ;

The essential aspects of the problem are illustrated in the
geometry of the idealized exterior subsonic axial corner, see
Fig. 1, which has received considerable theoretical and ex-
perimental attention. Rubin et al.M pioneered in formulation
and analysis of the three-dimensional laminar corner flow
problem. Tokuda5 documents an extension of this analysis
and a comparison of prediction to the experimental data of
Zamir^ and Young.6 Bragg7 analyzed the corresponding
turublent flow case and determined the corner distribution of
the chordwise Reynolds normal stress component u\u\. The
salient feature of the turbulent flow case is inducement of a
persistent axial vofticity component. Various causal
mechanisms have been theorized, including transverse
pressure waves,8 Reynolds shear stress gradients along the
corner bisector,9 and nonisotropy of the Reynolds stress
tensor.10 Quality experimental data for a confined corner
flow11 compared to computational results confirm the
primary mechanisms to be nonisotropy of the Reynolds stress
tensor u-uj.
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The character in the idealized corner region flow thus
appears to be the result of a delicate balance between the
turbulence phenomena and the induced secondary mean flow
velocity field. However, these mechanisms represent a
balancing of higher order effects, as discussed herein, and can
be readily dominated by the vbrticity induced by flowfield
curvature.12'13 Nevertheless, an adequate Reynolds stress
closure model is required and has been developed for this
problem class. The six components of the (symmetric)
Reynolds stress tensor are determined using a tensor field
constitutive equation formulation which requires solution of
parabolized forms of the transport equations for turbulent
kinetic energy k and isotropic dissipation function e. The
stress constitutive equation includes a low-turbulence
Reynolds number length scale model to permit solution of the
(k,e) equation system directly through the sublayer region
adjacent to an aerodynamic surface. Hence, the boundary
conditions for the k and e solutions are identically vanishing
at all aerodynamic surfaces.

A pressure-velocity formulation is preferred to predict
turbulent aerodynamic junction region flows. While
definition of a transverse plane potential function14 can
automatically satisfy the continuity equation, the elimination
of transverse pressure gradients comes at ^ the expense of
definition and use of vorticity. The acknowledged weakness
of the vorticity formulation is the kinematic boundary
condition statement. The existence of large mean flow strain
rates at an aerodynamic surface, for turbulent flow, serve to
further complicate this intrinsic weakness. The physical
variables formulation does not encounter this problem, but
instead a rearrangement of equation form is required/An
order-of-magnitude analysis indicates that pressure
distributions will balance convection and/or turbulence ef-
fects to first order, and that overall this balance is of higher
order effects than those controlled by the continuity equation.
Since the continuity equation is not parabolic for subsonic
flow, the construction of a suitable transverse plane equation
system is required.

The pressure-velocity formulation is derived and evaluated
herein for steady turbulent flow prediction in three-
dimensional, semibounded aerodynamic juncture region
domains. Persistence of the chordwise component of the time-
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Fig. 1 Idealized juncture region geometry.

averaged, mean flow velocity permits an order-of-magnitude
analysis, yielding the parabolic approximation to the
governing three-dimensional, steady time-averaged Navier
Stokes equations. Using the same procedure for components
of the Reynolds stress tensor, the balancing of lowest order
terms in the two transverse momentum equations yields a
pressure Poisson equation. Ah algorithm for this equation is
derived in terms of complementary and particular solution
fields. The complementary solution is determined using
boundary conditions obtained from an exterior potential flow
solution. The particular solution refines this pressure
determination by accounting for the Reynolds stress and
transverse velocity distributions. The particular solution is
enforced in a retarded manner in the chordwise momentum
equation pressure field. Algorithm convergence occurs when
this composite pressure solution becomes stationary. As a
consequence of the ordering analysis, the number of
dependent variables requiring solution exceeds the available
equations. Therefore, using finite-element penalty function
concepts in constrained extremization, cf. Oden,15 a trans-
verse momentum equation solution statement is constructed
wherein the first-order effects of the nonparabolic continuity
equation are enforced as a differential constraint.

Problem Description
Parabolic Navier-Stokes Equations

The three-dimensional parabolic Navier-Stokes (3DPNS)
equations are a simplification of the steady, three-
dimensional time-averaged Navier-Stokes equations. In
Cartesian tensor notation, and employing superscript tilde
and bar to denote mass-weighted16 and conventional time-
averaging, the conservative equation form is

(1)

In Eqs. (1-3), p is density, «, the mean velocity vector, p the
pressure, 6,-,- the Kronecker delta, and H the stagnation en-
thalpy. The Stokes stress tensor
defined as,

and heat flux vector q are

(6)

(7)
dH
dx,

where Re is the reference Reynolds number, Re—
and - pw/wj is the Reynolds stress tensor. In Eqs. (6) and (7),
v and K are the fluid kinematic viscosity and heat conductivity,
respectively, and 'Eu is the mean flow strain rate tensor

du du,.
(8)

Equations (4) and (5) are the transport equations for tur-
bulent kinetic energy and isotropic dissipation function, using
the closure model of Launder, Reece, and Rodi17 for the
pressure-strain and triple correlations, and

2v

(9)

(10)

The various coefficients Cp are model constants.18

The parabolic Navier-Stokes equatign set is derived from
Eqs. (1-5) by assuming the ratio of transverse mean velocity
components to chordwise components is less than unity, and
by further assuming that:

1) The chordwise velocity component suffers no reversal.
2) Diffusive transport processes in the chordwise direction

are of higher order and hence negligible.
3) The overall elliptic character of the parent three-

dimensional Navier-Stokes equations is enforceable through
construction of a suitable pressure field with exterior flow
boundary conditions.

Assume the Xj (curvilinear) coordinate direCtioa parallel to
the chordwise mean flow direction, with scalar velocity
component w; of order unity, i.e., 0(1). Further assume
0(w2)«0(6)«0(«5), and that 0(6)<0(1). In agreement with
boundary-layer theory, Eq. (1) confirms the order of chord-
wise variation in w; and appropriate transverse variation of u2
and ii3 is equal, i.e., for

dx, dx,
J-I>'-5L9x3

L(p*,.) = -|

dx.

(2)

(3)

(4)

(5)

Determination of the relative order of terms for /= 1 in the
momentum equation (2) is straightforward. Since 0(pw/wy-)
must be 0(6), the term d/dxj(pujuj) is higher order and can be
discarded. The assumption that the x] — diffusion is negligible
permits setting d / d x 1 ( E I I ) ^ Q 9 henc9 0(^)-7<0(6).
Therefore, the terms in o12 and o13 involving u2 and it3, i.e.,

dx2 \ dXj ) dx3 V dXj /

are both 0(6) or smaller and negligible. Deletion of these terms
is the fundamental step to the parabolic approximation, since
their elimination removes the elliptic boundary value
character in the chordwise direction.

Since the term (d/dXj) (ptijtij) remains, it instills an initial
value character for the resultant equation which permits
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marching the solution for «7 in the chordwise direction. The
resultant 3DPNS form, dentoed U( -), is therefore,

(11)

which is thoroughly familiar. Should xj correspond to a
curvilinear coordinate description, the derivatives expressed
in Eq. (11) are interpreted as covariant. The 3DPNS form for
the energy equation (3) is,

_d_
dX; dxf

(12)

which introduces the 3DPNS limited index summation
convention 1 </< 3 and 2 <£< 3.

In agreement with boundary-layer concepts, the order of
pressure variation in the transverse plane is determined by the
lowest order terms appearing in Eq. (2) for / = 2,3. Each
transverse derivative of pu^uj and pu3Uj is 0(1), while all
other terms are 0(6) and higher. For a conventional two-
dimensional boundary-layer flow then, for example,

—— [p + pu2u2]=0
OX2

(13)

The solution is trivial; p differs from the inviscid flow edge
pressure by a constant equal to a fraction of the freestream
turbulence k level, and is distributed through the boundary
layer in proportion to pu2u2. The initial value character for
pressure, as exhibited by the 3DPNS first-order ap-
proximation to Eq. (2) for / = 2,3, is rendered numerically
tractible by taking the divergence. Retaining the higher order
convection and diffusion terms for generality, the 3DPNS
form for both transverse momentum equations is

d2p

(14)

Equation (14) is an elliptic boundary value problem
definition for pressure distribution in the transverse plane
with parametric dependence on Xj. The pressure that satisfies
this quasilinear Poisson equation consists of complementary
and particular solutions, i.e.,

P(xi)=pc(xi)+pp(xi) (15)

The complementary solution satisfies the homogeneous form
ofEq.(14),

(16)

The Dirichlet boundary condition for Eq. (16) is
pc(xlfXf)^p(x]fxf) on the intersection of the 3DPNS domain
with the exterior potential flow domain. Elsewhere, the
boundary condition for p]C is homogeneous Neumann.

The particular pressure is any solution to Eq. (14) subject to
homogeneous Dirichlet boundary conditions on boundary
segments wherepc is known. Elsewhere, the nonhomogeneous
Neumann constraint is provided by the inner product of the
3DPNS form of Eq. (2), written on uf, with the local outward

pointing unit normal ?)f,

'(/>,) = '^-^-IPp+puW} + —— [pu'ku;]=0 (17)

Repeated indices in Eq. (17) are not summed, and k = 2,3 for
k&L Hence, Eq. (17) is the generalization of the boundary-
layer form [Eq. (13)]. Following determination of Jhe order
of terms in the Reynolds stress tensor in the next section, the
nonhomogeneous terms in Eq. (17) vanish to the lowest order
on an aerodynamic surface. Thereupon./7p(x;,jcf) is a constant
which is zero. Elsewhere on the 3DPNS domain boundary,
Eq. (17) yields the appropriate boundary condition for Eq.
(14).

Reynolds Stress Tensor Closure
Closure for the kinematic Reynolds stress tensor -u-uj

appearing in Eqs. (4) and (5) is required to complete the
3DPNS order-of-magnitude analysis. The necessary insight is
provided by construction of a tensor field strain rate con-
stitutive equation, cf., Ref. 19, the existence of which is
assured at-"sufficient" distance from boundaries in space and
time.20 Using lower dimensional order-of-magnitude analyses
and invariance, the three lead terms of the five-term kinematic
expansion are

*!-
€ (

(18).

where E^ is the symmetric mean flow strain rate tensor [Eq.
(8)}, k and e the turbulence parameters defined in Eq. (9) and
(10), and ay the diagonal tensor in principal coordinates,

(19)

The flff. are coefficients admitting anisotropy, and Uj = C]t and
^ = C5=flr5, where the Ca (1<Q!<4) are constants,
algebraically related to two "universal" empirical con-
stants.18

The order of terms in Eq. (18) can be estimated for the
standard values, Ca = {0.94, 0.067, 0.56, 0.068). For a two-

Fig.

o. . * ' ' . o.i
SPAN COORDINATE ( x 3 / C )

2 Finite-element discretization of R2 for the 3DPNS solution.
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dimensional flow, and for/= 1 andy = 2, Eq. (18) yields the familiar form [of 0(6)],

k2

(20)

Hence, 0(C4k2/e)=0(52). Further for /= 1 =yinEq. (18), and neglecting the second two terms, 0(A:) = 0(6), hence 0(Q/e) = 0(l.) =
0(C2/e). Thus, 0[C2C4(k3/e2)] «0(65).

Therefore, in rectangular Cartesian coordinates, and retaining terms of the first two orders of significance, the six components
of the kinematic Reynolds stress tensor are

0(d) 0(52)

e ax,

..ax

_r c
° 4

dx2 -

dx2 dx3 dx2 dx3 \dx, dx

r.k'rdii2
: du} i

4 e t a*, .ax/J (21)

Two conclusions regarding Eq. (21) should be noted. The
terms which provide an elliptic boundary value definition for
the direct integration of Eq. (2) for Q2 and u} are indeed 0(d2),
in agreement with the ordering arguments leading to Eq. (14).
Second, the 0(5) term in -u'2u3 in Eq. (21) vanishes on an
aerodynamic surface, hence pp is a constant. The order of
terms in Eqs. (4) and (5) can thus be determined, yielding the
3DPNS approximations as • • - - .

U,
jUt—— +pe = 0 (22),

a,
-

(23)

Definition of boundary conditions for Eqs. (22) and (23)
addresses the issue of what constitutes "sufficient" distance
for the validity of Eq. (18). For two-dimensional flows, one
approach is to employ similarity arguments to assign values to
k and e at some distance from the wall, e.g., 10<^+ <50,
where y + = urx2/v is a turbulence Reynolds number based on
the wall shear velocity,16 ur = Vrw /p. Extension of this
concept to three-dimensional flows is questionable, but has
been attempted.21 A second alternative suggests modifying
the "constants" C$ appearing in Eqs. (22) and (23) and in-
tegrating directly through the low-turbulence wall region with
A:=0 = e as boundary conditions.

A third alternative approach23 is employed for the juncture
region analysis. The "constants" Ca of the Reynolds stress
constitutive equation (18) are modified to account for low
turbulence levels in the sublayer region. Equation (20) defines

the conventional turbulent "eddy viscosity," vf = C4k2/e.
Using dimensional analysis, vl is th.e product of a scale
velocity with a scale length; typically, for a turbulence kinetic
energy model,

v<=k'/2t (24)

Comparison with Eq. (20) yields the familiar relationship

(25)

Recalling the van Driest damping function co, defined to
control evolution of the Prandtl mixing length scale,16 Eq.
(25) multiplied by co yields Eq. (20) in the form

—— k2 duj-u\u'2=^C4 — -J- . (26)

The van Driest form for co is modified for variable length scale
damping as

(27)

where A+ «26, and Z?« 2.0 based upon results of numerical
studies.23'24 Premultiplying each coefficient Ca in Eq. (18) by
co produces the required modification. Furthermore, C2 in Eq.
(23) is also multiplied by co. Thev aerodynamic surface
boundary conditions for Eqs. (22) and (23) are then k=0 = e.

Differential Equation System Closure
The consistently ordered 3DPNS system [Eqs. (11), (12),

(14), (18), (22), and (23)] numbers one less than the number
of dependent variables defined in Eqs. (1-10). Therefore, at
least one equation governing 0(6) phenomena must be in-
cluded to close the system. Since the 3DPNS momentum
equation (11) is written on ul only, both components of
wp = {u2,u3 } are required determined subject to the constraint
of continuity [Eq. (1)]. The finite-element algorithm ac-
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complishes this by ^penalizing" the solution of the 0(6)
3DPNS approximation to the momentum equation (2),
written oh each component of uf, by the continuity equation.
Retaining the first two orders of terms, the 3DPNS form for
the transverse momentum equations is

d
•9^-

(28)

which introduces the additional 3DPNS limited index
2<fc<3. The middle two terms in the second bracket are 0(6),
while the remaining terms are all Q(d2) or smaller. Equation
(28) exhibits elliptic boundary value character upon retaining
the terms of 0(S2) in the Reynolds stress tensor equation (18)
and contains the initial value term permitting chordwise
marching.

Since Eq. (28) represents two additional scalar equations,
an auxiliary dependent variable is required. The theoretical
concept, borrowed from the variational calculus, is to define a
suitable measure of the,continuity equation (solution error),
which becomes a differential constraint on solution of the
transverse plane momentum equation (28), The constraint
measure must span R2 and vanish as the continuity equation
becomes satisfied. One appropriate variable is the harmonic
function </>(*f), the solution to the Poisson equation,

(29)

subject to homogeneous Neumann conditions on portions of
the domain boundary dR, and setting $ = 0 at one location at
least on dR. Equation (29) becomes homogeneous, when the
continuity equation is identically satisfied, and the solution
<j>(Xf) becomes null as a consequence of the boundary con-
dition specifications.

Finite Element Solution Algorithm
The consistently ordered 3DPNS equation system is

identified for the dependent variable set tfa(*/)={#)
= [ptUjfu2tu3ffffpfk)ef — u-Ujf(l)}T. An equation of state p
= p(p,H) closes the system. Equations (11), (12), (22), (23),
and (28) contain the initial value term that facilitates the
solution marching in the chordwise direction. Equations (14)
and (29) are elliptic boundary value descriptions with
parametric initial value dependence, while Eq. (18) is
algebraic. Equation (1) becomes recast as the differential
constraint using Eq. (29).

, Therefore, the general 3DPNS description is,

where gfa and sa are specified nonlinear functions of their
arguments, as determined by the index a. The solution
domain Q is the product of R2 and xt for all elements of x}
belonging to the open interval measured from */(0), i.e.,

ti=R2xXj = { (xj,Xj): xfeR2 and Xje[Xj (0),*7] }

The boundary of the solution domain is the product of the
boundary dR or R2 and xj9 i.e., dQ^dRxxj. Thereupon, a
differential constraint is applied of the form,

where the a? are specified and r?, is the outward pointing unit
normal vector. Finally, an initial distribution for the ap-
propriate members of #y on 00 = R2 X Xj(0) is required,

(32)

For the finite-element numerical solution algorithm of Eqs.
(30) and (31), the approximation q^(x^Xj) to the (unknown)
exact solution q^x^Xj) is constructed from members of a
finite-dimensional subspaee of //^(Q), the Hilbert space of all
functions possessing square integrable first derivatives and
satisfying the boundary conditions/While extremely flexible
in theory, the practice for the 3DPNS equation system is to
employ linear .polynomials defined on disjoint interior
triangular-shaped subdomains R2, the union of which forms
the discretization of -R2. Hence, the finite-element ap-
proximation is,

qe
a(x(9Xj)

using the elemental construction,

(33)

(34)

where / is the discrete free index denoting members of -qh
a at

nodes of UR2, and sub- or superscript e denotes pertaining to
the eth finite-element, ^e^R2xx]. The elements of the row
matrix (Nj(x() }T are linear polynomials on xt constructed to
form a, cardinal basis.25

The functional requirement of any numerical solution
algorithm is to extremize the semidiscrete approximation
error in qh

a in some norm. The finite-element algorithm
requires that the error in Eqs. (30) and (31), i.e., LP(q§ and
£(<?£), be orthogonal to the space [Nk(x()} employed to define
q%.. In addition, the discrete approximation LP(PH) to the
continuity equation (1) must be enforced as a differential
constraint. Identifying the (Lagrange) multiplier set as #••.,..
these linearly independent constraints are combined to yield
the finite-element solution algorithm theoretical statement,

[Nk

(35)

Equation (35) is a system of ordinary differential equations,
written on the chordwise coordinate xl, of the form

(36)

An accurate and efficient integration algorithm for Eq. (36) is
the trapezoidal rule. Hence,

d
HX;

(31)

defines a system of nonlinear algebraic equations for
determination of the elements of (QJ(Xj) }. Substituting Eq.
(36), the Newton algorithm for Eq. (37) is

(38)

The dependent variable is the iteration vector, related to the
solution [QJ] in the conventional manner,

(39)

Additional details on the algorithm construction are given in
Ref. 26.
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Table 1 3DPNS boundary condition specifications
aerodynamic juncture region

Dependent Boundary
variables segment

w/, uf, k, ABC
e,pp CDEFA

DBF
Pc FABCD

'DBF
0 FABCD

Boundary conditions31

al a2 <*3

1
0

1
0

1
0

0
1

0
1
0
1

0
0

p
0

0
0

For the k = 1 basis embodiment of the 3DPNS algorithm
[Eq. (35)] a linearized truncation error analysis indicates
second-order spatial accuracy. The trapezoidal rule for in-
tegration is also second-order accurate. The 3DPNS equations
contain the two-dimensional boundary-layer system as a
subset and Soliman and Baker27'28 document the pertinent
accuracy and convergence data for k =1,2, and for laminar
and turbulent flow.

Results and Discussion
The test case is turbulent flow in the aerodynamic juncture

region formed by the right interaction of two 10% thick
parabolic arcs with coincident leading edges. Figure 1
illustrates the essential geometry and Fig. 2 graphs the
nonuniform M= 325 discretization of the transverse plane R2

as the union of the triangles (with diagonals omitted for
clarity). The domain boundary dR is the union of straight-line
segments A-F, upon which boundary conditions are required
(see Table 1).

The complimentary pressure pc boundary conditions were
obtained using the Hess code29 for M^ =0.08(^7^ = 30 m/s
«100 f/s) and zero angle of attack. Figure 3 summarizes the
span distributions of pc(xf) at chord stations x7-/C=Q.01,
0.085, and 0.46. By symmetry, these also occur at Xj/C
= 0.54, 0.915, and 0.99. Therefore, the favorable x} pressure
gradient decreases uniformly to midchord and thereafter
turns progressively adverse. The strongest gradients occur in
the immediate corner vicinity, i.e., x(/C<0.2.

The unit Reynolds number is Re/C=0.6x 106/m and the
flow is assumed isoenergetic, hence H(xj) = const. The initial
conditions for «/(jfy) at the nodes of R2 are established using
Cole's law16 to interpolate a turbulent boundary layer onto
node "columns" (Fig. 2), with the matching of the freestream
level of pc(x). The transverse velocity ut is defined as iden-
tically zero until eight 3DPNS steps are completed, to permit
computation of an acceptable chordwise derivative of pii},
i.e., [RHOUl] '. The initial distributions of k°(x?) and e°(x?)
are computed using mixing length boundary-layer con-
cepts.23'28

During the 3DPNS solution, the particular pressure
solution 'pp (xf,Xj) is written on the output file at each chord
station Xj for which pc(x?,x}) boundary conditions are
specified. For the second and sequential 3DPNS solutions, the
solution of Eq. (16) is algebraically summed with .the
previously stored distributions pp(xf,x]) for the chordwise
pressure gradient distribution in the ul momentum equation
solution. The u? momentum equations are solved using the
current computed pp distributions. The composite pressure

.field p(Xi)/p0 converges to five significant digits following
three 3DPNS algorithm solutions for the parabolic arc

is 10-juncture region. The nominal level of pp/p0
representative extremum difference between the second and
third 3DPNS solutions isAp p /p 0«10- 5 a tX1IC=0.17.

The 3DPNS solution for the defined juncture region flow is
exactly mirror symmetric. Figure 4 summarizes the third-
interaction 3DPNS solution evolution of the lower surface
distribution of u^x^Xj) on 0.021 <*7/C<0.7. A massive

O.I 0.2
SPAN COORDINATE ( x ^ /C )

Fig. 3 Three-dimensional potential flow boundary conditions for
complementary pressure.

influx into the corner region is predicted at xl /C=0.021, with
the extremum scalar component >-uf lu} =0.167, i.e., equal to
17% of the local freestream value of «7. This is the direct
result of the associated large favorable pressure gradient of
Uj, coupled with the fact that the mass conservation
algorithm has just become initialized. By jc;/C=0.047, the
extremum scalar component is uf/Uj =0.072 and the junc-
ture blockage is inducing a large spanwise efflux from R2 in
the lower reaches of the boundary layer. A corner axial vortex
(pair) is just visible at Xj/C=0.081, where the minimum level
of u( is predicted. This transverse plane velocity distribution
changes only nominally to well beyond midchord, with
«£"/w7«10% throughout. The generated corner vortex pair
persists and the spanwise efflux fills the entire boundary
layer. Past midchord, the freestream velocity derivative
changes sign, with a concurrent cessation of influx from the
potential region. -

Figure 5 compares the third-interaction 3DPNS transverse
plane velocity distribution at A:7/C = 0.46 for laminar and
turbulent flow solutions. In comparison, the corner vortex
pair is slightly larger for laminar flow, the extremum com-
ponent w f / w ; = 0.06 is 40% smaller in magnitude, and
reversed spanwise flow is predicted in the lowest reach of the
far-field boundary layer (Fig. 5a). Shafir and Rubin30 predict
this lower reach reversal for laminar/turbulent boundary-
layer transition. Further, the flowfield in Fig. 5a is in
qualitative agreement with the composite corner-
layer/asymptotic boundary-layer solution reported by Rubin
andGrossman.3

Figure 6 is a summary of transverse plane isoclines of ul
and components of u-Uj at Xj/C= 0.46, for the thhxUinter-
action 3DPNS solution. The ul solution exhibits the intrinsic
symmetry with a modest relative displacement directly ad-
jacent to the corner, the result of the axial vortex purriping
low-momentum fluid into the corner and out parallel to the
diagonal. The plot of W;W 7 is also symmetric and a local
extrema exists in the corner due to the axial vortex. These
comments are appropriate for u^u^ except that this normal
stress exhibits a (very) modest nonsymmetry due to the 0(62)
term involving tij in Eq. (21). The UjU^ shear stress distribu-
tion is highly nonsymmetric, with the extremum level pene-
trating only half the span distance to the corner. On the upper



530 A. J. BAKER AND J. A. ORZECHOWSKI AIAA JOURNAL

0.10

Fig. 4 3DPNS solution for transverse plane velocity uf distributions,
turbulent parabolic arc junction region flow: a) x, 1C— 0.021,
uf/u,= 0.167; b) x,/C=0,047, */{?/£,= 0.072; c) JC7/C=0.081,

= 0.058; d) *,/C=0.173, w? I /w /= 0.112; e) *//C= 0.349,
w, =0.114; f) *,/C= 0.704, £{?/£, =0.097.

\ \ \ \

' '

a) 0.05 0.10

b) 0.05 x,/C o.io
Fig. 5 3DPNS solution for transverse plane velocity u( distributions,
juncture region flow, *7/C=0.46: a) laminar flow, uf /«, =0.06; b)
turbulent flow, uf l H j - 0.10.

half domain, these levels are very small, since ii](x() is a weak
function of x2 along the vertical span. Of course, w7u'3 is a
mirror reflection of UjUr

2.
No complete experimental data exist for quantitative

comparison of the juncture region turbulent flow 3DPNS
prediction/However, such a data set exists11 for turbulent
flow in a straight, uniform rectangular cross-sectional duct.
Following localized entrance region effects, experiments
verify that no consequential transverse plane velocities exist
far downstream for laminar flow. Conversely, for turbulent

0.05 x 3 /C

Fig. 6 3DPNS solution summary, parabolic arc juncture region
flow, turbulent, /te/C=6.0xl05, Mw =0.08, JC,/C=0.46: a) 'u/9

flow four persistent axial vortex pairs are created, one in each
right-angle corner of the duct. Baker and Orzechowski31

document qualitative agreement with these observations for
the 3DPNS solution on a coarse (M= 288) discretization of
the symmetric quarter duct. Specifically, no vortex pair roll-
up occured for laminar flow or for the turbulent flow predic-
tion with the 0(6) terms involving w; derivatives in w/w/ set to
zero, see Eq. (21). However, with these terms included, as
theoretically required by invariance, the turbulent flow
3DPNS prediction immediately generated the corner vortex
pair.

Refined grid and full-duct solutions for the experimental
configuration have been computed. Figure 7a shows the
experimental data for the transverse plane velocity
distribution w£(*/ =37, *,), with uf /ilj =0.0086. Figure 7b is
the refined (M= 1052) grid solution on the symmetric quarter
duct. The qualitatively correct vortex patterns nearly fill the
section, and uf Iu1 = 0.0043 is only a factor of two lower than
the data. Small but erroneous vortices are predicted adjacent
to both symmetry planes, but their size is substantialy reduced
in comparison to the coarse grid solution,31 The M= 288 and
1052 results confirm that the mechanism causing this local
pollution of the solution is a singularity in the boundary
conditions for the conservation function <t>h(x(). Since, a
velocity component is permitted (must occur) parallel to the
symmetry plane, but not along the no-slip wall, the corner
intersection corresponds to a discontinuous switch from
Dirichlet to Neumann boundary conditions.

The 3DPNS solution on a coarse (M=1052) grid
discretization of the entire duct did predict extinction of the
spurious vortices. However, this grid is too coarse for
quantitative assessments. The quarter-duct M= 1052 3DPNS
solution is of appropriate refinement, and the pollution due to
the singularity is rather localized. Admitting these limitations,
Figs. 8-11 compare the experimental data11 with the M= 1052
3DPNS solution. Figure 8 verifies significant instrusion of the
high-momentum core velocity w; into the corner region, as
induced by the vortex structure (Fig. 7). The intersection of
the 3DPNS w7 = 0.70 isovel with the symmetry plane is in
good agreement with experiment. Above this level, and on the
symmetry planes, the intersection of 3DPNS levels for «7
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Fig. 7 3DPNS and experimental distributions of transverse plane velocity ue, turbulent rectangular duct flow: a) experimental,11 uf /w7
b) 3DPNS solution, M= 1052, w f

m/M, = 0.0043.
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Fig. 8 3DPNS and experimental distributions of mean velocity ul9 turbulent rectangular duct flow: a) experimental,11j:///> = 37.0,
b) 3DPNS solution, x, /D = 35.8.
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Fig. 9 3DPNS and experimental distributions, Reynolds shear stress -u'tuj xlO4, turbulent rectangular duct flow: a) experimental,11

x, ID = 37.0; b) 3DPNS solution, x, /D = 35.8.
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Fig. 10 3DPNS and experimental distributions, turbulent kinetic energy k, turbulent rectangular duct flow: a) experimental, 11JC //Z) = 37.0; b)
3DPNS solution, x} /D = 35.8.
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Fig. 11 3DPNS and experimental distributions, Reynolds normal stress •- Vwjwj turbulent rectangular duct flow: a) experimental,11 xt ID = 37.0;
b) 3DPNS solution, x,/D = 35.8.

exceeds data by Ax?~15%. Along the corner bisector, the
levels are in better agreement. __

Figure 9 compares the Reynolds u'ju'2 shear stress distribu-
tions. Good overall agreement on level is indicated, as well as
some detail of the contour shapes for the largest levels. The
experimentally measured regions of small negative u\wj (and
small positive w7'«j) shear stress result from the inflections in
u-j. (Fig. 8). The 3DPNS solution has correctly predicted this
essential character, although the details are largely affected by
the boundary-condition singularity effects.

Figures 10 and 11 compare components of the Reynolds
norrnal stresses. The overall agreement on levels confirms the
standard definitions for the constitutive equation model
constants Ca [Eq. (21)] and the coefficients Cg in Eqs. (22)
and (23). The 3DPNS prediction for k is symmetric (Fig. lOb),
in agreement with the data, but the intrusion of the core
region levels along the domain bisector is consequentially
underpredicted. The intersection of A: = 0.075 on the symmetry
plane is in good agreement, and the higher solution levels
exhibit better agreement with data. The intersection of k
= 0.05 is different by Ax? «20%, indicating the level of turbu-
lence in the experimental core flow is considerably larger than
that of the 3DPNS simulation. Figure 11 compares the trans-

verse plane normal stress' Agreement on overall levels
is good, with the 3DPNS prediction exhibiting the essential
nonsymmetries of the data. The 3DPNS solution for Vwjwj is
exactly mirror symmetric with vwjwj . These (modest) non-
symmetries are computationally confirmed to be the principal
causal mechanism of the counter-rotating vortex structure.

Summary
An order-of-magnitude analysis has yielded a consistent

physical variables formulation for the parabolic ap-
proximation to the three-dimensional Navier-Stokes
equations for steady, turbulent subsonic flow. A finite-
element numerical solution algorithm is established using a
penalty differential constraint statement. A tensor field ex-
pansion is employed to provide closure for the Reynolds stress
distribution, in concert with solution of two turbulent
transport equations. A composite pressure field construction
is identified to enforce overall ellipticity, using a multipass
interaction solution procedure with a three-dimensional
potential flow exterior solution. Numerical results document
the robustness of the key elements of the developed algorithm
for the aerodynamic juncture region geometry.
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